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Abstract
A complexity-one space is a compact symplectic manifold (M,ω) endowed with
an effective Hamiltonian action of a torus T of dimension 12 dim(M)−1. In this note
we prove that for a certain class of complexity-one spaces the Poincare´ dual of the
Chern class cn−1 can be represented by a collection of
n
2χ(M) symplectic embedded
2-spheres, where χ(M) is the Euler characteristic of M and dim(M) = 2n. We call
such a collection a toric one-skeleton. The classification of complexity-one spaces is
an important subject in symplectic geometry. A nice subcategory of those spaces
are the ones which are monotone. The existence of a toric one-skeleton is a useful
tool to understand six-dimensional monotone complexity-one spaces. In particular,
we will show that the existence of a toric one-skeleton for such a space implies that
the second Betti number of M is at most seven. This is a simple application of
results by Sabatini-Sepe and Lindsay-Panov.
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1 Introduction
1A symplectic action of a torus T = (S1)d on a symplectic manifold is called Hamil-
tonian, if it admits a moment map φ : M → (Lie(T ))∗, i.e. φ is a smooth map such
that
d 〈φ, ξ〉 = −ιXξω (1)
for all ξ ∈ Lie(T ), where Xξ is the vector field on M generated by ξ. We call the
quadruple (M,ω, T, φ) a Hamiltonian T -space, if the Hamiltonian action is effective
and M is compact. Since the action is assumed to be effective and Hamiltonian, we
have dim(T ) ≤ 1
2
dim(M). The non-negative integer k = 1
2
dim(M) − dim(T ) is called
the complexity of (M,ω, T, φ). We also call (M,ω, T, φ) a complexity-k space. A
complexity-zero space is a symplectic toric manifold. The classification of Hamiltonian
T -spaces is an important subject in symplectic geometry. The Convexity-Theorem - due
to Atiyah [2] and Guillemin-Sternberg [7] - states that the image of the moment map
φ(M) is a convex polytope. Moreover, Delzant [4] proved that symplectic toric manifolds
are classified by their moment map image. Also the (equivariant) cohomology ring of a
symplectic toric manifold can be easily recovered from its moment map image. This is
not true for Hamiltonian T -spaces with complexity greater then zero. In this paper we
study properties of the second homology groups of complexity-one spaces. In particular,
a symplectic manifold (M,ω) always admits an almost complex structure J : TM → TM
which is compatible with the symplectic form ω, i.e. ω(·, J ·) is a Riemannian metric on
M . Since the space of such structures is contractible, we can define complex invariants of
the tangent bundle TM , for instance Chern classes.
It is known that for a symplectic toric manifold of dimension 2n the Poincare´ dual of
the Chern class cn−1(M) ∈ H
2n−2(M ;Z) can be realised by a collection S of n
2
χ(M)
symplectic embedded surfaces, where χ(M) is the Euler Characteristic of X . Namely,
the preimage of φ−1(e) of each edge e of the moment map polytope φ(M) is a smoothly
embedded, symplectic 2-sphere and S is the collection of all these 2-spheres. We call S
the toric one-skeleton of the corresponding symplectic toric manifold. In [5] Godinho,
Sabatini and von Heymann generalized the concept of toric one-skeletons for Hamiltonian
T -spaces with only isolated fixed points. Similarly, by the next definition we generalize
the concept of toric one-skeletons for all Hamiltonian T -spaces.
Definition 1.1. Let (M,ω, T, φ) be a Hamiltonian T -space of dimension 2n and let χ(M)
be the Euler Characteristic of M . A toric one-skeleton S of (M,ω, T, φ) is a collection
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2
of n
2
χ(M) smoothly embedded, symplectic surfaces, such that the Poincare´ dual to their
union in H2(M ;Z) is the Chern class cn−1(M), i.e.∫
M
µ · cn−1(M) =
∑
S∈S
(∫
S
µ
)
(2)
for all µ ∈ H2(M ;Z).
This definition leads to the following question.
Question 1.2. When does a Hamiltonian T -space admit a toric one-skeleton?
We investigate the following reasons into this question. An important subcategory of
Hamiltonian T -spaces are the ones which are monotone2. The classification of monotone
Hamiltonian T -spaces is not solved -even not in dimension six-. By the work of Sabatini-
Sepe [15] and Lindsay-Panov [12] we have that the existence of a toric one-skeleton for a
monotone complexity-one space (M,ω, T, φ) of dimension six implies that the second Betti
number of M is at most 7 (see Lemma 6.1). Hence, the existence of a toric one-skeleton
is a useful tool to understand six-dimensional monotone complexity-one spaces.
In this notes we prove that a certain class of complexity-one spaces admit a toric one-
skeleton. Now we introduce the class of complexity-one spaces that we will consider. Let
(M,ω, T, φ) be a complexity-one space. Consider the moment map polytope φ(M) and
let
e = (R 〈αe〉+ βe) ∩ φ(M)
be an edge of φ(M). Then Fe = φ
−1(e) is a smoothly embedded, symplectic, T -invariant
submanifold with stabilizer Te = exp(ker(αe)), a codimension-1 subtorus of T . The
S1 ∼= T/Te-action on Fe is effective and Hamiltonian. Moreover, Fe has either dimension
2 or 4. We call e a fat edge, if the dimension of Fe is 4 (see Section 4).
Definition 1.3. Let (M,ω, T, φ) be a complexity-one space. We say (M,ω, T, φ) has the
Extension-Property (PE) if the following holds :
Let Fe be a 4-dimensional isotropic submanifold of M which is the preimage of a fat edge
e of the moment map polytope φ(M). Then the S1 = T/Te-action on Fe extends to an
effective Hamiltonian T 2-action.
So the goal of this notes is to prove the following theorem.
Theorem 1.4. A complexity-one space (M,ω, T, φ) that satisfies the Extension-Property
(PE) admits a toric one-skeleton.
2A symplectic manifold (M,ω) is monotone if its first Chern class c1 is a multiple of the class [ω] in
H2(M ;R).
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Remark 1.5. Let (M,ω, T, φ) be a complexity-one space. By Karshon’s classification of
4-dimensional Hamiltonian S1-spaces [10], we have the following facts:
• If all connected components of MT are isolated points, then (M,ω, T, φ) satisfies the
Extension-Property (PE).
• If all connected components ofMT are 2-spheres, then (M,ω, T, φ) satisfies the Extension-
Property (PE).
On the other side, we have that;
• If (M,ω, T, φ) satisfies the Extension-Property (PE), then a connected component of
MT is an isolated point or a 2-sphere.
As a consequence of Theorem 1.4 we obtain the following corollary.
Corollary 1.6. Let (M,ω, T, φ) be a monotone complexity-one space of dimension six,
which satisfies the Extension-Property (PE). Then the second Betti number of M is at
most 7.
Now we explain the idea behind the proof of Theorem 1.4.
Sketch of the Proof of Theorem 1.4
Our main tool to prove Theorem 1.4 is the ABBV Localization formula in equivariant
cohomology. In particular, we analyze the ABBV Localization formula for Hamiltonian
S1-spaces, whose fixed submanifolds have at most dimension 2 (see Lemma 3.3 and Corol-
lary 3.4).
In section 4 we define the pre-toric one-skeleton Spre for Hamiltonian T -spaces. This is a
collection of T -invariant, smoothly embedded, symplectic 2-spheres whose stabilizers are
codimensional-1 subtori of T . Moreover, let Fe be an isotropic submanifold that belongs
to a fat edge of φ(M). The Extension-Property (PE) implies that Fe itself admits a ’spe-
cial’ toric one-skeleton SFe . In particular SFe is a collection of T -invariant 2-spheres. We
call
S¯Fe = {S ∈ SFe | S is not fixed by the T -action}
a reduced toric one-skeleton of Fe (see Section 5). By M
T
2 we denote the set of all 2-
dimensional components of MT .
Finally, we will use the ABBV formula, in particular Corollary 3.4, to show that the union
S = Spre
⋃
MT2
⋃( ⋃
e is a fat edge
S¯Fe
)
is a toric one-skeleton for (M,ω, T, φ).
Acknowledgements. This work is part of the SFB/TRR 191 ‘Symplectic Structure
in Geometry, Algebra and Dynamics‘, funded by the DFG. I would like to thank Silvia
Sabatini and Daniele Sepe for very helpful discussions and comments.
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2 Basic properties of Hamiltonian T -spaces
Let T be a torus. We denote its Lie algebra by Lie(T ) and its lattice by
ℓT = ker(exp : Lie(T )→ T ).
Moreover, the dual Lie algebra of T is (Lie(T ))∗ and the dual lattice is ℓ∗T .
For a Hamiltonian T -space (M,ω, T, φ), we denote the set of T -fixed points by MT and
for any subgroup H of T we denote the set of H-fixed points by MH .
Lemma 2.1. [13, Lemma 5.53] Let (M,ω, T, φ) be a Hamiltonian T -space and let H be
a closed subgroup of T . Then any connected component of MH is a closed symplectic
submanifold of (M,ω).
So we call the connected components of MT the fixed submanifolds. Moreover if
H is a subtours of T , then the quotient torus T/H acts on the connected components of
MH in Hamiltonian fashion.
Next, we recall the local normal form near fixed points. Therefore, we fix a T -invariant
almost complex structure J : TM → TM which is compatible with ω. Hence, for each p ∈
MT we have an C-linear T -representation on (TpM,Jp) ∼= C
n. The weights αp,1, . . . , αp,n ∈
ℓ∗T of this representation are called the isotropic weights at p. The following theorem
by Guillemin-Sternberg [8] states that small neighborhoods of fixed points are determined
by their isotropic weights up to T -invariant symplectomorphims.
Theorem 2.2. (local normal forms near fixed points) Let (M,ω, T, φ) be a Hamiltonian
T -space of dimension 2n. Let p ∈ MT be a fixed point with weights αp,1, . . . , αp,n ∈ ℓ
∗
T .
Then there exists a neighborhood Up of p with complex coordinates z1, . . . , zn centered at
p such that
• the symplectic form is ω =
i
2
n∑
j=1
dzj ∧ dz¯j ,
• the T -action is exp(ξ) · (z1, . . . , zn) = (e
2piiαp,1(ξ)z1, . . . , e
2piiαp,n(ξ)zn) for ξ ∈ Lie(T ),
• the moment map is φ(z) =
1
2
n∑
j=1
αp,j|zj |
2 + φ(p).
Note that for each fixed submanifold F and any p, q ∈ F the isotropic weights at p and
q are equal. So we call these weights the isotropic weights at F and we denote them
by αF,1, . . . αF,n. Moreover, the dimension of F is equal to twice the number of weights
αF,1, . . . αF,n which are equal to zero.
Lemma 2.3. Let (M,ω, T, φ) be a complexity-k space. Then the dimension of each fixed
submanifold is at most 2k.
5
Proof. Let dim(M)=2n, so the complexity of (M,ω, T, φ) is k = n− d, where dim(T )=d.
Now let F be a fixed submanifold and let αF,1, . . . , αF,n be the isotropic weights at F .
Since the T -action on M is effective, we have that the Z-span of αF,1, . . . , αF,n is equal
to ℓ∗T
∼= Zd. Hence, at most k of isotropic weights αF,1, . . . , αF,n at F are equal to zero.
Since the dimension of F is equal to twice the number of isotropic weights at F that are
zero, we conclude dim(F ) ≤ 2k.
2.1 The restriction to a subcircle
Let T be a real torus and let ξ¯ ∈ Lie(T ), such that S1 = exp(Rξ¯) is a subcircle of T . Let
ℓ∗T be the dual lattice of T and ℓ
∗
S1
∼= Z be the dual lattice of Lie(S1) ⊂ Lie(T ). Note that
we have a natural restriction map
Φ: ℓ∗T −→ ℓ
∗
S1
∼= Z, (3)
which is induced by the inclusion Lie(S1) → Lie(T ). In particular, let V be a complex
vector space of complex dimension n, such that T acts on V by GL(V ) with weights
α1, . . . , αn ∈ ℓ
∗
T . Then S
1 acts on V with weights Φ(α1), . . . ,Φ(αn) ∈ ℓ
∗
S1
.
Definition 2.4. Let (M,ω, T, φ) be a Hamiltonian T -space. We call ξ¯ ∈ Lie(T ) generic,
if S1 = exp(Rξ¯) is a subcircle of T and MS
1
=MT .
Remark 2.5. Since we assume a Hamiltonian T -space to be compact, we have that for
any Hamiltonian T -space there is a generic ξ¯ ∈ Lie(T ).
3 Equivariant Cohomology
In this section we review some facts about S1-equivariant cohomology. (For a detailed
introduction, see for example [1] and [9]). Moreover, we analyze the ABBV Localization
formula for Hamiltonian S1-spaces, whose fixed submanifolds have at most dimension 2,
which is the key ingredient for the proof of Theorem 1.4.
LetM be a manifold endowed with an S1-action. In the Borel-model the S1-equivariant
cohomology of M is defined as follows. The diagonal action of S1 on M × S∞ is free. By
M ×S1 S
∞ we denote the orbit space. The S1-equivariant cohomology ring of M is
H∗S1(M ;R) : = H
∗(M ×S1 S
∞;R),
where R is the coefficient ring.
Let MS
1
be the set of fixed points and assume it is not empty. Let F be one of its
connected components. The inclusion map iF : F → M is an S
1-equivariant map, so it
induces a map
i∗F : H
∗
S1(M)→ H
∗
S1(F ).
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Given µS
1
∈ H∗
S1
(M), we write µS
1
|F = i
∗
F (µ
S1). Moreover if P ∈ MS
1
is a point, then
µS
1
(P ) = i∗{P}(µ
S1). Note that
H∗S1(F ) = H
∗(F )⊗H∗(CP∞) = H∗(F ) [x] , (4)
where x has degree 2.
Remark 3.1. Let P,Q ∈ F , where F is a connected component of MS
1
, then µS
1
(P ) =
µS
1
(Q). In particular, let
πF : H
∗
S1(F ) = H
∗(F )⊗H∗(CP∞) −→ H∗(CP∞) (5)
be the natural projection, then πF (µ
S1|F ) = µ
S1(P ) for all P ∈ F .
Moreover, the projection M ×S1 S
∞ → CP∞ induces a push-forward map in equiv-
ariant cohomology
H∗S1(M)→ H
∗−dim(M)(CP∞), (6)
which can be seen as integration along the fibers. So we denote it by
∫
M
. The following
theorem, due to Atiyah-Bott and Berline-Vergne (see [1], [3]) gives a formula for the map∫
M
in terms of fixed point set data.
Theorem 3.2. (ABBV Localization formula) Let M be a compact oriented manifold
endowed with a smooth S1-action. Given µS
1
∈ H∗
S1
(M ;Q)
∫
M
µS
1
=
∑
F⊂MS1
∫
F
µS
1
|F
eS1(NF )
,
where the sum runs over all connected components F of MS
1
and eS
1
(NF ) is the equiv-
ariant Euler class of the normal bundle NF to F .
In particular, if F = {P} is an isolated fixed point, then
∫
F
µS
1
|F
eS1(NF )
=
µS
1
(p)
(wP,1 · · · · · wP,n)xn
, (7)
where wP,1, . . . , wP,n are the weights
3 of the S1-representation at TPM . In the next lemma
we analyze the term
∫
F
(µS
1
cS
1
n−1(M))|F
eS1(NF )
for the case that F = Σ is a fixed surface.
3Note that the signs of the individual weights are not well-defined, but the sign of their product is.
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Lemma 3.3. Let (M,ω, S1, φ) be a Hamiltonian S1-space of dimension 2n and let Σ be
a fixed surface. Let w1, . . . , wn−1 be the weights of S
1-action on the normal bundle NΣ of
Σ. Then
∫
Σ
(µS
1
· cS
1
n−1(M))|Σ
eS1(NΣ)
=
∫
Σ
µS
1
+ 2(1− gΣ)
πΣ(µ
S1|Σ)
x
n−1∑
i=1
1
wi
,
for µS
1
∈ H2
S1
(M ;Z), where gΣ is the genus of Σ.
Proof. We have H∗
S1
(Σ;Z) = H∗(Σ;Z) [x]. We denote by uΣ the positive
4 generator of
H2(Σ;Z).
First, we compute the total equivariant Chern class cS
1
(NΣ) of the normal bundle
NΣ of Σ in terms of uΣ and the weights w1, . . . , wn−1 . The normal bundle NΣ is an
S1-equivariant complex vector bundle over Σ of rank n − 1. Due to the fact that each
complex vector bundle over a compact surface splits into the direct sum of complex line
bundles and that the S1-action on Σ is trivial, we have that NΣ splits into the direct sum
of S1-equivariant line bundles L1, . . . , Ln−1, such that for all j = 1, . . . , n − 1 the first
equivariant Chern class cS
1
1 (Lj) of Lj is of the form
cS
1
1 (Lj) = wjx+ AjuΣ (8)
for some Aj ∈ Z. Hence, the total S
1-equivariant Chern class of NΣ is
cS
1
(NΣ) =
n−1∏
i=1
(
1 + cS
1
1 (Li)
)
=
n−1∏
i=1
(1 + wix+ AiuΣ) . (9)
Note that uΣ · uΣ = 0 in H
∗
S1
(Σ;Z), so the equivariant Euler class of NΣ is
eS
1
(NΣ) = c
S1
n−1(NΣ) =
n−1∏
i=1
(wix+ AiuΣ) =
n−1∏
i=1
(wix)
(
1 +
n−1∑
i=1
Ai
wix
uΣ
)
(10)
and the formal inverse of eS
1
(NΣ) is
1
eS1(NΣ)
=
1∏n−1
i=1 (wix)
(
1−
n−1∑
i=1
Ai
wix
uΣ
)
. (11)
Next, we have
cS
1
n−2(NΣ) =
n−1∑
j=1
(
n−1∏
i=1,i 6=j
(wix+ AiuΣ)
)
=
n−1∑
j=1
(
n−1∏
i=1,i 6=j
(wix)
(
1 +
n−1∑
i=1,i 6=j
Ai
wix
uΣ
))
.
(12)
4with respect to the orientation of Σ induced by the symplectic form ω
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Moreover, since the S1-action on TΣ is trivial, the total equivariant Chern class of TΣ is
cS
1
(Σ) = 1 + 2(1− gΣ)uΣ. Now we use c
S1(M)|Σ = c
S1(Σ)cS
1
(NΣ), so we obtain
cS
1
n−1(M)|Σ = e
S1(NΣ) + 2(1− gΣ)
(
n−1∑
j=1
n−1∏
i=1,i 6=j
(wi)
)
xn−2uΣ (13)
and
cS
1
n−1(M)|Σ
eS1(NΣ)
= 1 + 2(1− gΣ)
uΣ
x
n−1∑
i=1
1
wi
. (14)
Now let µS
1
∈ H∗
S1
(M,Z), then
µS
1
|Σ = µ|Σ + πΣ(µ
S1|Σ), (15)
where µ ∈ H2(M ;Z) is image of µS
1
under the restriction map H2
S1
(M ;Z) → H2(M ;Z).
We conclude that
µS
1
· cS
1
n−1(M)|Σ
eS1(NΣ)
= µ|Σ + 2(1− gΣ)
πΣ(µ
S1|Σ)
x
· uΣ
(
n−1∑
i=1
1
wi
)
+ πΣ(µ
S1|Σ).
(16)
So the claim follows.
As a consequence of the ABBV Localization formula and of Lemma 3.3, we obtain the
following corollary.
Corollary 3.4. Let (M,ω, S1, φ) be a Hamiltonian S1-space of dimension 2n, such that
MS
1
consists just of fixed 2-spheres Σ1, . . . ,ΣN and isolated fixed points P1, . . . , PK. For
all i = 1, . . . , N , let wΣi,1, . . . , wΣi,n−1 be the weights of the S
1-action on the normal bundle
of Σi. Moreover, for all j = 1, . . . , K, let wPj ,1, . . . , wPj ,n be the weights of the S
1-action
on TPjM . Then
∫
M
µS
1
· cS
1
n−1(M) =
N∑
i=1
(∫
Σi
µS
1
+ 2
πΣi(µ
S1|Σi)
x
(
1
wΣi,1
+ · · ·+
1
wΣi,n−1
))
(17)
+
K∑
j=1
(
µS
1
(Pj)
x
(
1
wPj ,1
+ · · ·+
1
wPj ,n
))
(18)
for µS
1
∈ H2
S1
(M ;Z)
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Proof. For an isolated fixed point Pj, we have e
S1(NPj) =
(∏n
s=1wPj ,s
)
xn and
µS
1
· cS
1
n−1(M)|Pj = µ
S1(Pj)
(
n∑
h=1
(
n∏
k=1,k 6=h
wPj ,k
))
xn−1.
Hence,
µS
1
· cS
1
n−1(M)|Pj
eS1(NPj )
=
µS
1
(Pj)
x
(
1
wPj ,1
+ · · ·+
1
wPj ,n
)
.
So the claim follows from the ABBV formula and Lemma 3.3.
4 The moment map polytope
The aim of this section is to introduce conventions for the fixed point data of a Hamiltonian
T -space and to define the pre-toric one-skeleton. Therefore, we recall facts about the
moment map polytope (i.e. the image of the moment map) for a Hamiltonian T -space.
One of most the important theorems for Hamiltonian T -spaces is the famous Convexity-
Theorem proved by Atiyah [2] and Guillemin-Sternberg [7].
Theorem 4.1. (Convexity-Theorem) Let (M,ω, T, φ) be a Hamiltonian T -space, then the
fibers of φ are connected and the image of the moment map φ(M) is a convex polytope.
In particular, φ(M) is the convex hull of the images of the fixed submanifolds.
Another important property of the moment map is stated in the following theorem.
Theorem 4.2. (Sjamaar [16]) Let (M,ω, T, φ) be a Hamiltonian T -space. As a map to
φ(M) the moment map is open.
The moment map polytope contains informations about the corresponding Hamilto-
nian T -space. In particular, by the Convexity-Theorem we have that the preimage of a
vertex of φ(M) is a connected component of MT . Moreover, a face of the moment map
polytope gives us a symplectic submanifold. Namely, let F be a d-dimensional face of the
polytope φ(M), then F is of the form
F = (HF + {pF})
⋂
φ(M),
where pF is a point in F and HF is a linear subspace of (Lie(T ))
∗ of dimension d. We
call HF the defining subspace for F .
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Proposition 4.3. Let (M,ω, T, φ) be a Hamiltonian T -space and let F be a d-dimensional
face of φ(M) with defining subspace HF . Then
TF = exp (ker (HF)) (19)
is a subtorus of T of codimension d and the preimage φ−1(F) is a connected component
of MTF . Moreover, φ−1(F) is a symplectic submanifold of (M,ω) and the quotient torus
T/TF acts effectively and in Hamiltonian fashion on φ
−1(F).
A prove of Proposition 4.3 can be found in [14, Chapter 3]. The next corollary gives
an upper bound for the dimension of φ−1(F).
Corollary 4.4. Let (M,ω, T, φ) be a complexity-k space and let F be a d-dimensional
face of φ(M) . Then φ−1(F) is a symplectic submanifold of dimension at most 2(k + d).
Proof. Let HF be the defining subspace of F . By Proposition 4.3, we have that TF =
exp (ker (HF)) is a subtorus of T of codimension d. Moreover, TF acts on (M,ω) in
Hamiltonian fashion with complexity
kF =
1
2
dim(M)− dim(TF) (20)
=
1
2
dim(M)− (dim(T )− d) (21)
= k + d. (22)
Moreover, by Proposition 4.3 we also have that φ−1(F) is a connected component ofMTF .
And so Lemma 2.3 implies that
dim(φ−1(F)) ≤ 2kF = 2(k + d). (23)
4.1 Conventions for the fixed point data
Let (M,ω, T, φ) be a Hamiltonian T -space of dimension 2n and p ∈ MT an isolated
fixed point with isotropic weights αp,1, . . . , αp,n ∈ ℓ
∗
T \ {0}. For i = 1, . . . , n Tαp,i =
exp(ker(ap,i)) is a codimension-1 subtorus of T . We denote by Sαp,i the connected com-
ponent of MTαp,i that contains p. So Sαp,i is a symplectic and T -invariant submanifold.
Definition 4.5. We call Sαp,i the submanifold that belongs to the weight αp,i. We say
the weight αp,i is light if the dimension of Sαp,i is 2 (or equivalent αp,i and αp,j are linearly
independent for all j ∈
{
1, . . . , iˆ, . . . , n
}
). Otherwise the weight αp,i is called heavy.
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Moreover, we classify the isolated fixed points of a Hamiltonian T -space into two
categories as follows.
Definition 4.6. Let (M,ω, T, φ) be a Hamiltonian T -space. We denote the set of isolated
fixed points byMT0 . An isolated fixed point p ∈M
T
0 is calledGKM if the isotropic weights
at p are pairwise linearly independent (i.e. all isotropic weights are light), otherwise p is
called non-GKM. We denote by MTGKM the set of all GKM-points.
Remark 4.7. A Hamiltonian T -space is called GKM if for each codimension-1 subtorus H
of T any connected component of MH has at most dimension 2 -or equivalent the fixed
point set MT contains just isolated fixed points, which are all GKM-. Hamiltonian GKM-
spaces are a subcategory of GKM spaces, which were introduced by Goresky-Kottwitz-
MacPherson in [6].
Lemma 4.8. Let (M,ω, T, φ) be a complexity-one space of dimension 2n and let p ∈MT
be an isolated fixed point which is not GKM. Then exactly two weights of p are heavy.
Moreover, we have
φ(p) is a vertex of φ(M) and φ−1(φ(p)) = p or
φ(p) is not a vertex of φ(M), but φ(p) lies on an edge of φ(M).
Proof. Since the T -action is effective, we have that Z−span {αp,1, . . . , αp,n} = l
∗(∼= Zn−1).
So w.l.o.g we assume that the weights are ordered by the following convention:
• R− span {αp,1, . . . , αp,n−1} = (Lie(T ))
∗ (24)
• αp,n = λ · αp,n−1 for some λ ∈ Q \ {0} (25)
Hence, the weights αp,1, . . . , αp,n−2 are light and the weights αp,n−1, αp,n are heavy. More-
over, Theorems 4.1, 4.2 and 4.3 imply that
• If λ > 0, then φ(p) is a vertex of φ(M) and φ−1(φ(p)) = p.
• If λ < 0, then φ(p) is not a vertex of φ(M), but φ(p) lies on an edge of φ(M).
Definition 4.9. Let (M,ω, T, φ) be a complexity-one space. An edge e of the moment
map polytope is called fat if φ−1(e) has dimension 4. We denote by EfatΦ(M) the set of fat
edges of the moment map polytope Φ(M).
Lemma 4.10. Let (M,ω, T, φ) be a complexity-one space of dimension 2n.
(i) If p ∈MT is a GKM isolated fixed point, then φ(p) does not meet a fat edge of φ(M).
(ii) If p ∈ MT is a non-GKM isolated fixed point, then φ(p) meets precisely one fat edge
of φ(M). In particular, let ap,n−1, αp,n be the heavy weights of p, then this fat edge is given
by
(φ(p) + R 〈αp,n−1〉) ∩ φ(M) = (φ(p) + R 〈αp,n〉) ∩ φ(M)
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(iii) If Σ ⊂ MT is a fixed surface. Then all n− 1 edges of φ(M) that are meeting at the
vertex φ(Σ) are fat. Moreover, these edges are given by
(φ(Σ) + R 〈αΣ,j〉) ∩ φ(M)
for i = 1, . . . , n− 1, where αΣ,1, . . . , αΣ,n−1 are the weights of the normal bundle of Σ.
4.2 The pre-toric one-skeleton
Let (M,ω, T, φ) be a Hamiltonian T -space of dimension 2n. Let p ∈ MT be an isolated
fixed point and let α be a light weight at p. The submanifold Sα that belongs to α
is a symplectic and T -invariant surface. Moreover, Sα is fixed by the codimension-1
subtours Tα = exp(kerα) and the action of the quotient circle T/Tα on Sα is effective and
Hamiltonian. Since each Hamiltonian S1-space of dimension 2 is a 2-sphere with exactly
2 fixed points, we have that Sα is a 2-sphere and it contains precisely two points of M
T ,
namely p and the other one is denoted by q. Moreover, since T acts on TpSα with weight
α, we have that T acts on TqSα with weight -α. In particular, -α is a light weight at q.
Definition 4.11. Let (M,ω, T, φ) be a Hamiltonian T -space. The pre-toric one-skeleton
Spre of (M,ω, T, φ) is the set of all submanifolds which belong to a light weight of an
isolated fixed point.
Remark 4.12. From the discussion above, we have that Spre is a collection of smoothly
embedded and symplectic 2-spheres. Moreover, let p be an isolated fixed point and let k
be the number of light weights at p. Then there are precisely k spheres of Spre meeting
at p.
Together with the discussion above, we conclude that the per-toric one-skeleton of a
complexity-1 space satisfies the following properties:
Lemma 4.13. Let (M,ω, T, φ) be a complexity-one space of dimension 2n. Let MT0 be
the set of isolated fixed points and MTGKM be the set of GKM isolated fixed points.
• If p ∈ MTGKM , then there are precisely n spheres of Spre meeting at p, namely the
submanifolds that belong to the weights of p.
• If p ∈MT0 \M
T
GKM , then there are precisely (n−2) spheres of Spre meeting at p, namely
the submanifolds that belong to the light weights of p.
Moreover, the cardinality of Spre is
|Spre| =
1
2
n|MTGKM |+
1
2
(n− 2)|MT0 \M
T
GKM |. (26)
Proposition 4.14. Let (M,ω, T, φ) be a complexity-one space of dimension 2n. For an
isolated fixed point p ∈MT0 let αp,1, . . . , αp,n be the weights of p, where the weight ordered
such that αp,1, . . . , αp,n−2 are the light weights of p if p is not GKM. Let ξ¯ ∈ Lie(T ) generic
and S1 = exp(Rξ¯), then
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∑
S∈Spre
∫
S
µS
1
=
∑
p∈MT
GKM
µS
1
(p)
x
(
1
Φ(αp,1)
+ · · ·+
1
Φ(αp,n)
)
+ (27)
∑
p∈MT0 \M
T
GKM
µS
1
(p)
x
(
1
Φ(αp,1)
+ · · ·+
1
Φ(αp,n−2)
)
(28)
for all µS
1
∈ H∗2 (M ;Z), where Φ: ℓ
∗
T → ℓ
∗
S1
is the restriction.
Proof. Let S ∈ Spre with S ∩M
T = {p, q}, then T acts on TpS with weight α ∈ ℓ∗ \ {0},
where α is a light weight at p and T acts on TqS with weight -α, which is also a light
weight at q. So this implies that S1 ∼= exp(Rξ¯) acts on TpS with weight Φ(α) and on TqS
with weight −Φ(α) = Φ(−α).
Now let µS
1
∈ H2
S1
(M ;Z), then ABBV formula gives us
∫
S
µS
1
=
µS
1
(p)
Φ(α) · x
+
µS
1
(q)
Φ(−α) · x
. (29)
The claim follows form this and Lemma 4.13.
5 Hamiltonian T -spaces of dimension 4
Let (F 4, ω, T 2, ψ) be a symplectic toric manifold of dimension 4. Then ψ(F ) is a Delzant
polytope and (F, ω, T, ψ) is determined by this polytope (up to T 2-equivariant symplec-
tomorphims) (see [4]). We fix a splitting T 2 = S1 × S1. So we identify Lie(T ) = R2 and
(Lie(T ))∗ = (R2)∗ = R2. Let Eψ(F ) be the set of edges of ψ(F ). Then
Se = ψ
−1(e) (30)
is a symplectic embedded 2-sphere for all e ∈ Eψ(F ). Moreover,
{
Se | e ∈ Eψ(F )
}
is a
toric one-skeleton for (F 4, ω, T 2, ψ).
If we restrict the action to the subcircle S1 = {1} × S1 ⊂ T 2, we get an 4-dimensional
Hamiltonian S1-space (F, ω, S1, φ), where φ = pr2 ◦ ψ and pr2 : R
2 → R is the projection
onto the second factor. Moreover, we have
• If e ∈ Eψ(F ) is a horizontal edge, then Se is fixed by the S
1-action.
• If e ∈ Eψ(F ) is not a horizontal edge, then let v1 and v2 be the vertices of ψ(F ) connected
by this edge. W.l.o.g. we assume that pr2(v1) < pr2(v2). Let
ke
be
the slope of this edge5
and pi = φ
−1(vi) for i = 1, 2. Then S
1 acts on Se with fixed points p1 and p2 and ke is the
5 ke, be ∈ Z>0 with gcd(ke, be) = 1 if e is not a vertical edge. Otherwise the slope is ∞ and ke = 1.
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weight at p1 and −ke is the weight at p2. Moreover, let µ
S1 ∈ H2
S1
(F ;Z) then the ABBV
formula gives us
∫
Se
µS
1
=
µS
1
(p1)− µ
S1(p2)
x · ke
. (31)
Definition 5.1. Let (F, ω, S1, φ) be a Hamiltonian S1-space of dimension 4 such that
the S1-action extends to an effective Hamiltonian T 2-action. Let ψ : F → (Lie(T 2))∗ a
moment map for the T 2-action. We call
S¯F =
{
S = ψ−1(e) | e ∈ Eψ(F )
}
\ F S
1
2
the reduced toric one-skeleton of (F, ω, S1, φ) (with respect to this extension of the
S1-action), where F S
1
2 is the set of 2-dimensional components of F
S1.
Lemma 5.2. Let (F, ω, S1, φ) be a Hamiltonian S1-space of dimension 4 such that the
S1-action extends to an effective Hamiltonian T 2-action and let S¯F be the reduced toric
one-skeleton. Moreover, let F S
1
0 be the set of isolated fixed point and F
S1
2 be the set of
fixed 2-spheres. Then
∑
S∈S¯F
∫
S
µS
1
= 2
∑
Σ∈FS
1
2
EΣ
πΣ(µ
S1|Σ)
x
+
∑
p∈FS
1
0
µS
1
(p)
x
(
1
λp,1
+
1
λp,2
)
,
for µS
1
∈ H2
S1
(M ;Z), where λp1 and λp2 are the weights of the S
1-action at p ∈ F S
1
0
and
EΣ : =
{
+1 if is φ attains its minimum at Σ,
−1 if is φ attains its maximum at Σ.
Proof. Let p be an isolated fixed point. Then there are precisely two 2-spheres Sp1, Sp,2 of
S¯F meeting at p, each belongs to one weight at λp,1, λp,2. In particular, S
1 acts on TpiSp,1
with weight λp,i for i = 1, 2.
For a fixed surface Σ there are precisely two 2-spheres SΣ,1, SΣ,2 of S¯F that intersect with
Σ. Moreover, Σ ∩ SΣ,i contains one point pΣ,i and S
1 acts on TpΣ,iSΣ,i with weight +1
resp. −1 if φ attains its minimum reps. maximum at Σ .
Now for S ∈ S¯F and p ∈ S ∩F
S1 let λS,p be the weight of S
1-action TpS, then the ABBV
formula gives us
∫
S
µS
1
=
∑
p∈S∩FS1
(
µS
1
(p)
x
1
λS,p
)
.
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We conclude
∑
S∈S¯F
∫
S
µS
1
=
∑
S∈S¯F

 ∑
p∈S∩FS1
(
µS
1
(p)
x
1
λS,p
)

= 2
∑
Σ∈FS
1
2
EΣ
πΣ(µ
S1|Σ)
x
+
∑
p∈FS
1
0
µS
1
(p)
x
(
1
λp,1
+
1
λp,2
)
.
5.1 Reduced toric one-skeletons of fat edges
Let (M,ω, T, φ) be a complexity-one space of dimension 2n with ξ¯ ∈ Lie(T ) generic. Let
e = {R 〈αe〉+ βe} ∩ φ(M) (32)
be a fat edge of the moment map polytope and Fe = φ
−1(e) the corresponding isotropic
submanifold of dimension 4. We have two circle actions on Fe, namely the one of the sub-
circle exp(Rξ¯) and the one of the quotient circle T/ exp(ker(αe)). In order to distinguish
them, we denote by S1 the subcircle exp(Rξ¯) and by C the quotient circle T/ exp(ker(αe)).
We assume that αe ∈ ℓ
∗
T is primitive. If p ∈M
T ∩Fe, then T acts on TpFe with weights
λp,1αe and λp,2αe, where λp,1, λp,2 ∈ Z. Hence, the quotient C acts on TpFe with weights
λp,1, λp,2 ∈ Z. Moreover let Φ: ℓ
∗
T → ℓ
∗
S1
the restriction map, then S1 acts on TpFe with
weights Φ(λp,1αe) and Φ(λp,2αe).
Lemma 5.3. Assume that the C-action on Fe extends to an effective Hamiltonian T
2-
action on Fe. Let S¯Fe the corresponding reduced toric one-skeleton. For p ∈ M
T ∩ Fe let
αp,n−1, αp,n be the heavy weights of the T−action on TpM and for Σ ∈ M
T
2 ∩ Fe let αΣ,e
be the weight of the T−action on the normal bundle of Σ in Fe. Then
∑
S∈S¯Fe
∫
S
µS
1
= 2
∑
Σ∈MS
1
2 ∩Fe
πΣ(µ
S1|Σ)
x
1
Φ(αΣe)
+
∑
p∈MS
1
0 ∩Fe
µS
1
(p)
x
(
1
Φ(αp,n−1)
+
1
Φ(αp,n)
)
,
for µS
1
∈ H2S1(M ;Z).
The proof of Lemma 5.2 is the same as those of Lemma 5.3. Next, we consider what
happen if we pick for each fat edge a reduced toric one-skeleton.
Proposition 5.4. Let (M,ω, T, φ) be a complexity-one space of dimension 2n which sat-
isfies the Extension-Property (PE). For each fat edge e ∈ E
fat
φ(M), we pick one reduced toric
one-skeleton S¯Fe of Fe.
For a fixed 2-sphere Σ ∈ MT2 let αΣ,1, . . . , αΣ,n−1 be the weights of the normal bundle of
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Σ and for a non-GKM isolated fixed point p ∈ MT0 \M
T
GKM let αp,n−1, αp,n be the heavy
weights of p. Then
∑
e∈Efat
φ(M)

 ∑
S∈SˆFe
∫
S
µS
1

 =2 ∑
Σ∈MT2
πΣ(µ
S1|Σ)
x
(
1
Φ(αΣ,1)
+ · · ·+
1
Φ(αΣ,n−1)
)
+ (33)
∑
p∈MT0 \M
T
GKM
µS
1
(p)
x
(
1
Φ(αp,n−1)
+
1
Φ(αp,n)
)
(34)
for µS
1
∈ H2
S1
(M ;Z), where ξ¯ ∈ Lie(T ) is generic, S1 = exp(Rξ¯) and Φ: ℓ∗T → ℓ
∗
S1
is
the restriction.
Proof. For a fixed 2-sphere Σ there are precisely (n− 1) fat edges meeting at the vertex
φ(Σ), each belongs to a weight αΣ,1, . . . , αΣ,n−1 of the normal bundle of Σ in M . In
particular,
{αΣ,1, . . . , αΣ,n−1} =
{
αΣ,e | e ∈ E
fat
φ(M) such that φ(Σ) is a vertex of e
}
, (35)
where αΣ,e is the weight of the normal bundle of Σ in Fe.
For a non-GKM point p ∈ MT0 \M
T
GKM , we have p ∈ Fe for precisely one e ∈ E
fat
φ(M). In
particular,
MT0 \M
T
GKM =
⋃
e∈Efat
φ(M)
(
MT0 ∩ Fe
)
Together with Lemma 5.3 the claim follows.
Lemma 5.5. Let (M,ω, T, φ) be a complexity-one space of dimension 2n that satisfies the
Extension-Property (PE). For a fat edge e ∈ E
fat
φ(M), we pick one reduced toric one-skeleton
S¯Fe of Fe. Then the cardinality of ∪e∈Efat
φ(M)
S¯Fe is
| ∪
e∈Efat
φ(M)
S¯Fe | = |M
T
0 \M
T
GKM |+ (n− 1)|M
T
2 |. (36)
6 Proof of Theorem 1.4 and Corollary 1.6
In this section we prove the Theorem 1.4. Moreover, in Lemma 6.1 we prove that the
existence of a toric one-skeleton for a monotone complexity-one space of dimension six
implies that the second Betti number is bounded by 7. Finally, we see that Corollary 1.6
is a simple consequence of Theorem 1.4 and Lemma 6.1. So let us prove Theorem 1.4.
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Proof of Theorem 1.4 . Let (M,ω, T, φ) be a complexity-one space of dimension 2n that
satisfies the Extension-Property (PE). Hence, the connected components of M
T are iso-
lated points or 2-spheres.
• For each fat edge e ∈ Efat
φ(M), we pick one reduced toric one-skeleton S¯Fe of Fe = φ
−1(e).
• Let Spre be the pre-toric one-skeleton of (M,ω, T, φ).
• Let MT2 be the set of fixed 2-spheres of M
T .
Now we want to show that
S = Spre
⋃
MT2
⋃ ⋃
e∈Efat
φ(M)
S¯Fe

 (37)
is a toric one-skeleton of (M,ω, T, φ). Therefore, let ξ¯ ∈ Lie(T ) generic, S1 ∼= exp(Rξ¯)
and let Φ: ℓ∗T → ℓ
∗
S1
.
Then Proposition 4.14 and 5.4 imply
∑
S∈S
∫
S
µS
1
=
∑
Σ∈MT2
(∫
Σ
µS
2
+ 2
πΣ(µ
S1|Σ)
x
(
1
Φ(αΣ,1)
+ · · ·+
1
Φ(αΣ,n−1)
))
+
∑
p∈MT0
µS
1
(p)
x
(
1
Φ(αp,1)
+ · · ·+
1
Φ(αp,n)
)
for all µS
1
∈ H∗
S1
(M ;Z). By Corollary 3.4 , this is equal to
∫
M
µS
1
cS
1
n−1.
Moreover, since the fixed point setMT is torsion-free the restriction mapH∗
S1
(M ;Z)→
H∗(M ;Z) is surjective ([11, Kirwan]). Let µ ∈ H2(M ;Z), then µ admits an S1-equivariant
extension µS
1
∈ H2
S1
(M ;Z). We obtain
∑
S∈S
∫
S
µ =
∑
s∈S
∫
S
µS
1
=
∫
M
µS
1
cS
1
n−1 =
∫
M
µcn−1. (38)
Hence, the union of the 2-spheres of S in H2(M ;Z) is the Poincare´ dual to the Chern
class cn−1.
Moreover, by Lemma 4.13 and 5.5 we have
|S| =
1
2
n ·
(
|MT0 |+ 2|M
T
2 |
)
. (39)
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So it is left to show that the Euler Characteristic χ(M) is equal to |MT0 |+2|M
T
2 |. Therefore
let φξ¯ : M → R be the ξ¯-component of the moment map. Since ξ¯ is generic, we have that
φξ¯ is a perfect Morse-Bott function whose critical submanifolds are precisely the connected
components of MS
1
=MT (Kirwan [11]). Hence,
H∗(M ;R) =
⊕
F⊂MT
H∗−2dF (F ;R),
where dF is the number of negative weights of the normal bundle of F . Since all connected
components of MT are isolated points or 2-spheres, we have
χ(M) = |MT0 |+ 2|M
T
2 |.
Lemma 6.1. Let (M,ω, T, φ) be a complexity-one space of dimension six, which is mono-
tone and admits a toric one-skeleton S. Then the second Betti number of M is at most
7.
Proof. By a result of Sabatini-Sepe [15], the odd Betti numbers ofM are equal to zero. So
let b0, . . . , b6 be the Betti numbers ofM . SinceM is connected we have b0 = 1. Moreover,
by the Poincare´ duality we have b0 = b6 and b2 = b4. Hence, the Euler Characteristic of
M is
χ(M) = b0 − b1 + b2 − b3 + b4 − b5 + b6 = 2(1 + b2). (40)
Since each element S ∈ S is a smoothly embedded, symplectic surface of (M,ω) we have∫
S
ω > 0 for all S ∈ S. (41)
Now let c1 ∈ H
2(M ;Z) be the first Chern class of (M,ω). Since (M,ω) is monotone, the
integer
∫
S
c1 is positive for all S ∈ S. This implies∑
S∈S
∫
S
c1 ≥ |S| =
3 · χ(M)
2
= 3(1 + b2).
Since S is the Poincare´ dual of the second Chern class c2 ∈ H
4(M ;Z), we have
∫
M
c1c2 =
∑
S∈S
c1 ≥ 3(1 + b2) (42)
Moreover, by the work of Lindsay-Panov [12] we have that
∫
M
c1c2 = 24. Hence,
24 =
∫
M
c1c2 ≥ 3(1 + b2), (43)
and this implies b2 ≤ 7.
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